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QUOTIENTS OF FUNCTORS OF ARTIN RINGS
TIM DOKCHITSER
One of the fundamental problems in the study of moduli spaces is to give an
intrinsic characterisation of representable functors of schemes, or of functors that
are quotients of representable ones of some sort. Such questions are in general hard,
leading naturally to geometry of algebraic stacks and spaces (see [1, 3]).
On the other hand, in infinitesimal deformation theory a classical criterion due
to Schlessinger [4] does describe the pro-representable functors and, more generally,
functors that have a hull. Our result is that in this setting the question of describing
group quotients also has a simple answer. In other words, for functors of Artin rings
that have a hull, those that are quotients of pro-representable ones by a constant
group action can be described intrinsically.
To set up the notation, let Λ be a complete Noetherian local ring with residue
field k, and fix an isomorphism Λ/mΛ ∼= k. We write ArtΛ for the category of
Artinian local Λ-algebras A given together with an augmentation A/mA ∼= k.
Morphisms (denoted HomΛ(A,B)) are local homomorphisms of Λ-algebras that
commute with the augmentations.
Every complete Noetherian local Λ-algebra F with an augmentation (not neces-
sarily Artinian) gives rise to a covariant functor
hF = HomΛ(F,−) : ArtΛ −→ Sets,
and a functor F isomorphic to some hF is said to be pro-representable. A functor
G has a hull if there is a formally smooth natural transformation α : hF → G for
some F such that α is bijective on rings of the form k[V ] with V a k-vector space.
Recall that by Schlessinger’s theorem ([4], Thm 2.11), F is pro-representable if
and only if F(k) consists of one element, the fibre product map
F(A×B C) −→ F(A)×F(B) F(C)(1)
is bijective for all A→ B ← C in ArtΛ, and the tangent space TF = F(k[t]/t
2) is
finite-dimensional. Also, F has a hull if and only if the same conditions hold except
that (1) is only assumed to be surjective.
For a complete Noetherian local Λ-algebra F , an action of a group Γ on hF is
given by a homomorphism Γ → AutΛ(F ), and such an action naturally gives rise
to a quotient functor F/Γ. We write TF = Homk(mF /(m
2
F + mΛF ), k) for the
tangent space of F over W (so TF = ThF naturally) and set
AutTΛ(F ) = ker
(
AutΛ(F )→ AutΛ(TF )
)
.
Theorem 1. For a functor D : ArtΛ → Sets the two conditions are equivalent:
(i) There exists a pro-representable functor F ∼= HomΛ(F,−) and a subgroup
Γ ⊂ AutTΛ(F ) such that D
∼= F/Γ.
(ii) D possesses a hull and D(A×BC)→ D(A)×D(B)D(C) for all A→ B ← C.
Proof. The following lemma lists some properties of quotients of pro-representable
functors by group actions and, in particular, proves the easy implication, (i)⇒ (ii).
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Lemma 2. Let F = hF and let D = F/Γ with Γ ⊂ AutΛ(F ). Then
(1) The quotient map q : F → D is formally smooth.
(2) The map D(A×BC)→ D(A)×D(B)D(C) is surjective for all A→ B ← C.
(3) D has a hull if and only if Γ ⊂ AutTΛ(F ), in other words, if Γ acts trivially
on the tangent space of F .
(4) D is pro-representable if and only if Γ = {1}.
Proof. (1) For π : A→ B in ArtΛ, we need to show that
F(A)→ F(B)×D(B) D(A) .
Let a ∈ D(A) and b˜ ∈ F(B) be such that π(a) = q(b˜) in D(B), and lift a to
a˜ ∈ F(A). Then g · π(a˜) = b˜ for some g ∈ Γ, and g · a˜ has the required properties.
(2) Let π : A → B and ρ : C → B in ArtΛ. Let a ∈ D(A) and c ∈ D(C) be such
that π(a) = ρ(c) in D(B) and lift them to some a˜ ∈ F(A) and c˜ ∈ F(C). Then
π(a˜) and ρ(c˜) in F(B) map to the same element in D(B), hence there is a g ∈ Γ
such that
g · π(a˜) = ρ(c˜) .
Replace a˜ by g · a˜, so that a˜ still maps to a ∈ D(A), but now π(a˜) = ρ(c˜). Since F
commutes with fibre products, there is r˜ ∈ F(A×B C) projecting to a˜ ∈ F(A) and
c˜ ∈ F(C). Then its image r ∈ D(A ×B C) is a required lift of (a, c).
(3) The “if” part follows from the fact that F has a tangent space and that
F(k[V ])→ D(k[V ]) is bijective for all k-vector spaces V by the assumption on Γ.
For the converse, assume that the action of Γ on TF is non-trivial but the
quotient D = F/Γ has a hull. Write V = F(k[t]/t2) = F(k[ǫ]). Let k[ǫ1, ǫ2] denote
the ring k[t1, t2]/(t
2
1, t
2
2, t1t2) and consider the map
π : D(k[ǫ1, ǫ2]) −→ D(k[ǫ])×D(k[ǫ]),
whose components π1 and π2 are induced by the natural projections. Since D has
a hull, it has a tangent space, so π is a bijection. Now,
D(k[ǫ1, ǫ2]) = F(k[ǫ1, ǫ2])/Γ = (V ⊕ V )/Γ ,
and
D(k[ǫ])×D(k[ǫ]) = (V/Γ)× (V/Γ) .
Moreover, the action of Γ on F(k[ǫ1, ǫ2]) = V ⊕ V is diagonal,
g · (v1, v2) = (g · v1, g · v2), v1, v2 ∈ V , g ∈ Γ ,
by compatibility of the action with the two inclusions k[ǫ] −→⊂ k[ǫ1, ǫ2]. Since the
action of Γ on V is non-trivial, there are v1 6= v2 ∈ V such that g · v1 = v2 for some
g ∈ Γ. Then
h · (v1, v1) = (h · v1, h · v1) 6= (v1, v2)
for any h ∈ Γ. Thus (v1, v1) and (v1, v2) give two distinct elements of D(k[ǫ1, ǫ2]),
but π1(v1, v2) = π2(v1, v2) in D(k[ǫ])×D(k[ǫ]), contradicting injectivity of π.
(4) If Γ = {1}, thenD = F is pro-representable. Conversely, ifD is pro-representable,
it certainly has a hull, so Γ ⊂ ker
(
AutΛ(F )→ Aut(TF )
)
by part (3). So F → D is
a formally smooth map of pro-representable functors, which is an isomorphism on
the tangent spaces, so it is an isomorphism. 
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As for the implication (ii) ⇒ (i) of the theorem, to show that D ∼= F/Γ for
some Γ we need to exhibit sufficiently many automorphisms commuting with the
projection F → D. This has two ingredients, an “automorphism lemma” below,
and the fact that D takes injections to injections which is a consequence of the
assumed surjectivity D(A×B C)→ D(A)×D(B) D(C) for all A→ B ← C.
Lemma 3. Let q : F → D be formally smooth with F = HomΛ(F,−) pro-
representable. Take x, y ∈ F(A) with q(x) = q(y) and such that y is surjective,
when considered as a homomorphism F → A. Then there exists a natural transfor-
mation α : F → F for which
F
α
−−−−−→ F
qց ւ q
D
commutes and such that α(x) = y.
Proof. Consider a commutative diagram,
F(F )
q
−→ D(F ) ∋ q
F(x)


y


yF(x)
y ∈ F(A)
q
−→ D(A)
.
viewing q both as a natural transformation and as an element of D(F ). As x is
surjective and F → D is formally smooth, there exists g ∈ F(F ) lifting (q, y).
It is now a tautology that g ∈ HomΛ(F, F ) is a homomorphism, whose associated
natural transformation α has the required properties. First, q(g) = q implies that
qα = q as natural transformations. Second, F(x)(g) = y says precisely that α(x) =
y. 
We can now complete the proof of the theorem. Let q : hF = F → D be a
hull of D and let Γ ⊂ AutΛ(F ) consist of those automorphisms g which, considered
as elements of Aut(F), satisfy qg = q (as natural transformations). Since q is an
isomorphism on tangent spaces, Γ ⊂ ker
(
AutΛ(F ) → Aut(TF )
)
, and it suffices to
prove that D ∼= F/Γ. Clearly q factors through F/Γ and
F(A)/Γ→ D(A)
is surjective for all A ∈ ArtΛ, since F(A)→ D(A) by formal smoothness. To prove
injectivity, assume x, y ∈ F(A) are such that q(x) = q(y) ∈ D(A). We claim that
g · x = y for some g ∈ Γ.
Consider x and y as homomorphisms F → A. We first reduce to the case that
x, y are surjective. Let A′ ⊂ A be the Λ-subalgebra generated by Imx and Im y.
Then both x and y factor through A′,
x, y : F −→ A′ −→⊂ A .
In other words x, y ∈ F(A) lie in the image of F(A′) −→⊂ F(A). Let x′, y′ ∈ F(A′)
be the same homomorphisms, considered as elements of F(A′). We claim that
q(x′) = q(y′) ∈ D(A′).
We know that q(x′) and q(y′) have the same image in D(A). By the second
assumption on D, the map
D(A′) = D(A′ ×A A
′)→ D(A′)×D(A) D(A
′)
4 TIM DOKCHITSER
is surjective. Equivalently D(A′) −→⊂ D(A), so D takes injections to injections,
implying q(x′) = q(y′). If we can find g ∈ Γ for which g · x′ = y′, then g · x = y as
required. So we can replace A by A′, in other words assume that A is generated by
Imx and Im y as a Λ-algebra.
We claim that in this case both x and y are surjective.
Indeed, let B = Im(x) and C = Im(y). As A is generated by B and C as a
Λ-algebra, the cotangent space V = mA/(m
2
A + mΛA) is generated, as a vector
space, by mBV and mCV . Thus, if we show that mBV = mCV , then it follows
that x, y are surjective on cotangent spaces, hence surjective.
Consider the projection A→ A/m2A, composed with x and y:
F
x,y
−→ A → A/m2A .
The compositions x¯ and y¯ define elements x¯, y¯ ∈ F(A/m2A). Since q(x¯) = q(y¯), and
q : F → D is a bijection on the rings of the form k[V ] for V a k-vector space (such
as A/m2A), it follows that x¯ = y¯. So mBV = mCV and x, y are both surjective.
Now, by Lemma 3 there exists a homomorphism g : F → F such that the
corresponding natural transformation α : F → F commutes with q and such that
xg = y. Since qα = q, it follows that g is identity on the tangent space of F . In
particular, it is an automorphism of F and g ∈ Γ. Also g · x = y, as asserted. This
completes the proof of Theorem 1. 
Remark. Rather than considering a group action, take more generally a formally
smooth group functor G : ArtΛ → Sets with an action G × F → F on a pro-
representable functor F . If the induced action on the tangent space of F is trivial,
it is not hard to see that the quotient F/G by this action has F as a hull, as in
the case when G is a “constant group functor” as above. It would be interesting
to know whether, conversely, every D that has a hull can be represented by such
a quotient and, if not, whether such D can be characterised intrinsically. Thus we
end with the following question:
Question. Assume that D : ArtΛ → Sets has a hull q : hF → D. Does there exist
a formally smooth group functor G acting on hF such that F/G ∼= D with q as the
quotient map?
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